The thermodynamics of a free Bose gas with effective temperature scaleT and hard-sphere Bose gas with theT scale are studied.T arises as the temperature experienced by a single particle in a quantum gas with 2-body harmonic oscillator interaction Vosc, which at low temperatures is expected to simulate, almost correctly, the attractive part of the interatomic potential VHe between 4 He atoms.
Introduction
The extraordinary low-temperature properties of 4 He have so far evaded full explanation by a firstprinciples microscopic theory, although the fundamental concepts of such theory are well established.
Neutron scattering experiments from liquid helium [1] have confirmed London's hypothesis [2] , which T is the effective temperature experienced by a single particle in a quantum Boltzmann gas with 2-body oscillator interactions. It is found in Section 2 by examining the structure of the 1 − particle reduced density matrix̺ (1) of the canonical N − particle density matrix ̺ (N ) of such gas with, additionally, a harmonic oscillator attraction V 0 between each particle and a fixed centre. For large N , one finds that, for sufficiently weak V 0 ,̺ (1) ≈ const exp[−βH (1) 0 ], where H
(1) 0 = − 2 △/2m and
with
k denoting the coupling constant of V osc .
The procedure of reducing ̺ (N ) amounts (up to a multiplicative constant |Λ| −N +1 , where |Λ| denotes the system's volume) to averaging ̺ (N ) over the positions of N − 1 particles of the N -particle system.
Thus, from the viewpoint of 1-particle measurements, a quantum Boltzmann gas of particles interacting via V osc behaves like a gas of free particles with the same mass but at a different temperatureT . We put forward a conjecture that a Bose gas with the 2-body interaction V osc behaves analogously. This assumption is the starting point for further investigation.
The next stages of this inquiry consist in deriving the thermodynamics of a free Bose gas with the temperature scaleT (FBET) (Sec. 3) and hard-sphere Bose gas with this temperature scale (HSET) according to the Bogoliubov-Huang approach (Sec. 4) . It is shown that the HSET allows to improve the FBET description of low-temperature thermodynamics of 4 He. In particular, the HSET heat capacity shows quantitative agreement with the low-temperature branch of experimental 4 He heat capacity below 1.8 K. Other HSET thermal properties agree qualitatively with those of 4 He, e.g., FMC and FNF, at T = 0 K, equal 0.5224 and 0.1896, respectively.
An alternative version of the HSET, which takes approximate account of those terms of the 2-body repulsion, which are linear in the zero-momentum Bose operators a 0 , a * 0 (originally rejected by Bogoliubov in Ref. [3] ) is studied in Sec. 5. This modified HSET (DHSET) yields singularity of heat capacity at T λ and C V (T ) agrees with experiment below 2.1 K. The FMC and FNF in this approach equal 0.4266 and 0.1178, respectively, at T = 0 K. The DHSET thus considerably improves the HSET description of helium II thermodynamics.
The effective temperature
The interatomic potential V He has a typical well with a minimum at the distance r 0 = 3Å separating two 4 He atoms [15] . In the low-temperature regime, a reliable approximation to the partition function
where
and S (N ) denotes the symmetrizer, can be therefore obtained by applying the Laplace method, i.e., by expanding V He (r) in the neighbourhood of r 0 up to second order and integrating the resulting Gaussian function. This procedure amounts to replacing V He (|r 1 − r 2 |), up to an additive constant, by
The approximating partition function
is intractable, unless we put r 0 = 0. We are then faced with the problem of solving the thermodynamics of N bosons coupled by harmonic oscillator interactions. The eigenproblem for the Hamiltonian
of such system, with the Hilbert space S (N ) L 2 (R 3 ) N , was solved in Ref. [16] . The grand partition
, with r 0 = 0, expresses in closed form in terms of the fugacity z. However, the equation for z takes the same form as for uncoupled oscillators ( Ref. [16] ), viz.,
and is also intractable, unless approximations are applied (e.g. Ref. [17] ). 
0Λ , the thermodynamics of the first Hamiltonian does not pass over to that of the later in the limit k → 0, as one would require for a Bose gas with weak V 2 | r0=0 and the usual infinite-volume limit:
N , which fulfils this consistency requirement, can be obtained by exploiting the structure of the reduced 1-particle density matrix of the density operator
The reduced density matrices of ̺ (N ) 1
were studied in Refs. [18] - [21] . It was shown in Refs. [18] , [19] that the 1-particle reduced density matrix ̺
and k, k 0 , k 1 , β, β 1 are related by the following formulae :
In the limit k 0 → 0, k 1 approaches zero linearly in k 0 :
Using Eqs. (16), (18), one finds
Eqs. (12), (13), (18), (20) show that, if measurements are restricted to 1-particle observables, a single particle of a quantum Boltzmann gas in the state
behaves like one belonging to a free quantum gas at an effective temperatureT 1 = (k Bβ1 (β)) −1 . We expect that for a macroscopic sample of a Bose gas with the Hamiltonian (12), the meaning ofβ 1 is analogous. In other words, by resorting to the asymptotic form of the 1-particle reduced density matrix of a free Bose gas [22] , we put forward the following conjecture: for sufficiently small k 0 > 0,
Clearly, if T = (k B β) −1 denotes the real temperature, thenT 1 > T , if γ > 0, and
as required by consistency.
It is worth noting that the effective temperature of a quantum gas is not an entirely new concept. For example Landau and Lifshitz in Ref. [23] (Sec. 33) computed the effective temperature of an interacting quantum gas, using a semi-classical approximation.
Let us now defineβ
This limiting formβ ofβ 1 provides the best agreement with experimental data on 4 He. Clearly,β → β as γ → 0. This property ofβ, as well as the construction of̺
1 , allow to expect that a sufficiently weak harmonic oscillator interaction, between particles of a quantum gas in equilibrium, can be simulated by performing the substitution β →β. In this approach, the thermodynamics of a gas enclosed in a finite volume Λ, with the 2-body oscillator interaction accounted for by the temperature scaleT , passes over to the thermodynamics of a free gas in Λ, with the real scale T , when this interaction is switched off. In this manner, the consistency requirement, discussed above, is fulfilled. The consequences of this approach will be investigated in the next sections.
The same effective temperatureβ of a quantum gas, in a field of randomly located oscillator wells, representing the Coulomb attraction between particles of the gas and localized metallic ions, was found in Ref. [24] by averaging the canonical density matrix of this system over the positions of the wells. A simple solution of the Kondo problem, in terms ofT , was given in Ref. [25] . The well known puzzling dependence of T c on dopant concentration in high-T c superconductors, was explained also in terms ofT in Ref. [32] , as an effect arising from these interactions.
3 Free Bose gas with the effective temperature scaleT
The fugacity of the free Bose gas (FBG) equals [26] 
where the BEC transition temperature T c equals
and
SinceT (T ) is a monotonously increasing function, the fugacity of the free Bose gas, with effective temperature scaleT (FBET), equals
withT c defined by the equalityβ
The expressions for the pressure, free energy and energy of FBET are analogous to those for the FBG :
For the heat capacityC 0 and entropyS 0 of the BGET one obtains
The FBET, with m equal to the mass of 
if γ is expressed in eV and k B in eV/K. The graphs ofC 0 for various values of γ are plotted Fig. 1 .
Experimental data C He (T ) on heat capacity of 4 He at SVP, from Refs. [27] , [28] , are also presented. The plot for γ = 0 represents heat capacity of FBG with m = m He , d = d He .
Disagreement between theC 0 (T ) plots and C He (T ) at T ≤ T λ is considerable. However, theC 0 (T ) plot for γ = 1.4928 10 −4 eV, withT c = 2.8 K, provides a slight improvement of theC 0 (T ) plot for γ = 0 (FBG).
A further improvement, below 1 K, is visible in theC 0 (T ) plot withT c = T λ , γ = γ 0 = 2.2276 10 −4 eV, although at T λ there is no peak.
The fraction of atoms in the momentum condensate (FMC) and zero latent heat, accompanying the λ-transition in 4 He, are also more conveniently described in terms of the FBET than FBG. The FMC for the FBG equals
The corresponding quantity for the BGET therefore takes the form [27], [28] .
The values ofξ 0 (T = 0) are given in Table 1 . For γ > 0, FMC satisfiesξ 0 (0) < 1, similarly as in 4 He, where FMC is estimated to be equal 0.07 − 0.09 [10] , [11] .
There is no latent heat accompanying the λ-transition in 4 He, whereas BEC of the FBG is a 1-st order transition and the accompanying latent heat per atom equals [26] L 0 = 5 2
Huang derives Eq. (40), using the Clapeyron equation
and the fact the specific volume of the BE condensate of FBG equals zero, implying
Analogously, for the FBET,
and the vapour pressure at T <T c equalsP
Hence,
The latent heat per atom, at the transition of the BGET, therefore equals
Furthermore,L 0 is correctly related to the entropy difference ∆S 0 between the gas phase and the momentum condensate. The entropy of the latter equals zero, hence
The decreasing values ofL 0 , for increasing γ, are given in Table 1 . Table 1T c 
The above discussion shows that the FBET has several advantages over the FBG, as a model of low temperature 4 He thermodynamics. However, adjustment ofT c to T λ requires setting γ = γ 0 , which leads to a flattenedC 0 (T ) graph without any peak. Further modification of the FBET is therefore necessary.
4 Bogoliubov-Huang approach to hard-sphere Bose gas withT scale
The substitution V He → V 2 (r 0 = 0), performed in Section 2, amounts to considering only the attractive part of V He in a close vicinity of the minimum. Furthermore, the thermal properties of a gas with such attraction are the same as those of a free gas with the temperature scaleT , the FBET, if measurements are restricted to 1-particle observables. Discrepancies between these properties and those of 4 He show that the 2-body interaction considered so far is oversimplified and, therefore, that the repulsive character of V He , at small distances, should be also accounted for by theory. These observations lead naturally to the concept of a hard-sphere Bose gas with the effective temperature scaleT (HSET).
The thermodynamics of the hard-sphere Bose gas (HSBG) was studied by Lee et al. [5] - [8] . The
Hamiltonian has the form
2 /m, a denoting the hard-sphere diameter and 
Owing to the macroscopic occupation of the k = 0 mode at low temperatures, the operators a 0 / |Λ| and a * 0 / |Λ| in H r can be replaced by complex numbersc, c, respectively. In this manner, Bogoliubov arrives at the Hamiltonian (see Ref. [9] )
The gauge transformation a k → a k e iϕ , with adjusted ϕ, maps c→ |c|. Let us denote |c| 2 → ξd, where according to Bogoliubov [3] , ξ is the fraction of all atoms belonging to the momentum condensate.
The canonical transformation
diagonalizes H B to the form
The theory of BEC (e.g. Refs. [17] , [29] ) shows that the ground state of a free Bose gas becomes macroscopically occupied when
(µ Λ denoting the solution of the equation
and the e 0 the lowest eigenvalue of H 0 ). The corresponding condition for µ, in the BEC phase of H 1B , is
under the restriction,
Eq. (56) reduces to
and only the solution µ 0 = ξgd satisfies E 1k ≥ 0, for all k. In the BEC phase, the system may be therefore equivalently described in terms of
with µ = 0 and
whereas in the gaseous pase,H B = H 0 (Refs. [3] , [7] , [9] ).
According to the definition (48),
where k 2 a = 8πaξd. Passing to the limit |Λ| → ∞, one obtains [5] 1 2
which yieldsH
Lee and Yang in Ref. [6] emphasize the correct linear dependence on k of the excitation spectrum ofH B , as k → 0, consistent with the presence of low-energy phonon excitations in liquid 4 He. As for µ, they do not apply Eq. (56) in the range T ≤ T c in Ref. [6] and, as a consequence, the scalar term of the transformed HSBG Hamiltonian is different in their theory.
The approach to HSBG thermodynamics, developed in Refs.
[5] - [8] , which consists in minimizing the free energyF
(constrained by the equation for z = exp(βµ)) with respect to ξ, provides only qualitative agreement of the resulting heat capacity with experimental data on 4 He.
In the present formulation, the free energy of N atoms in the BEC phase equals
In this preliminary investigation, we adopt the method presented in Ref. [7] (Chapter 3), with the following approximationF B (β,ξ 0 , d, a) to the free energy:
A. The energy and heat capacity 
.
The heat capacity of this sample obtains by numerical differentiation of U w.r.t. T :
Obviously, inF B and U B we substitute d = d He and
For T ≥T c = T λ , ξ = 0, hence,H B = H 0 [9] . In the gaseous phase the energy is thus given by Eq. (33) .
By restricting the range of a to values consistent with the graph of the interaction potential V He [15] , we find the resulting C V (T ) plot to be best fitting for a = a 0 = 3Å to experimental data on 4 He heat capacity measured at SVP. It is shown in Fig. 2 . C V (T ) exhibits a peak at T λ , which is much smaller than the one observed experimentally, but below 1.8 K, C V (T ) agrees with experiment up to a small error. A comparison of C V (T ) with 4 He heat capacity, measured at constant density d He = 0.0225825Å −3 (Ref.
[27]) reveals similar deviation from experiment. Another point worth emphasizing is the appearance of singular integrals in the analytic expression for C V (T ), which result by differentiating the last term on the r.h.s. of Eq. (71) w.r.t. T . In the limit T → T λ , the resulting expression contains a linear combination (with coefficients linear inξ 0 ) of two divergent integrals, viz., lim I(x) and lim K(x), as x → 0, where
We find that
Thus, .
It is well known that the heat capacity of 4 He, measured at constant volume, is finite at T λ [28] , but the experimental plot is best modelled by a function singular at T λ [27] , [28] . The C V (T ) plot, which obtains by applying the Angelescu-Verbuere-Zagrebnov refinement of Bogoliubov's approximation [9] , is almost exactly the same as the one in Fig. 2 .
B. Momentum distribution, momentum condensate and normal fluid density
Theoretical plots of the momentum distribution (MD), fraction of momentum condensate (FMC) and normal fluid density (NFD) agree with experiment only qualitatively. The plots of normalized MD:
for T = 1 K, 2.27 K are shown in Figs. 3 and 4 . The FMC, equal Fig. 5 for γ = γ 0 , a = a 0 , together withξ 0 (T ) for the same γ. Fig. 6 shows that inclusion of the hard-sphere interaction and treatment of this interaction in Ref. [31] . The result is analogous to NFD for the FBG: Fig. 7 . One finds, d n (0,ξ 0 (0))/d = 0.1896 for γ = γ 0 , a = a 0 . Thus
which is an improvement, as regards 4 He thermodynamics, of the FBG result
The plot of d n (T,ξ 0 (T ))/d, for 4 He values of d, m and a = 3Å, is depicted in Fig. 6 .
C. Latent heat of the transition
The pressure of the HSET in the BEC phase, as implied by Eq. (67), equals
The Clapeyron equation (41), for P given by Eq. (81), yields the same latent heat of the BEC transition for the HSET as for the FBET.
5 Hard-sphere Bose gas with dressed condensate bosons
Creation and annihilation processes of atoms in the momentum condensate of a Bose gas are represented by the operators a * 0 , a 0 , which appear, in the Bogoliubov-Huang theory, on the same footing as those describing atoms with nonzero momenta. However, owing to their immobility and the small fraction they constitute (e.g. in helium II), the condensate atoms can be expected to be particularly predisposed to attract the excited ones and thus act as centres surrounded by uncondensed atoms. From such point of view, it would be more appropriate to treat the condensate bosons as atoms surrounded by excited bosons. This can be achieved by performing a unitary transformation a 0 → α 0 in H, with α 0 , α * 0 representing the dressed bosons in the condensate. This type of procedure was applied by Fröhlich in Ref. [33] to the electron-phonon Hamiltonian H el-ph . The physically meaningful terms of the transformed H el-ph were incorporated by Bardeen, Cooper and Schrieffer into their theory of superconductivity [34] .
We consider the simple displacement transformation
with νǫR 1 representing the cloud of excited bosons accompanying the immobile one, as a possible trial realization of the mapping a 0 → α 0 . Glauber demonstrated in Ref. [35] that the mapping (82) can be accomplished by the unitary transformation
In the transformed Hamiltonian H 1D = D(ν) −1 H r D(ν), we perform Bogoliubov's substitution a 0 → ξd|Λ| and, furthermore, ν → ηd|Λ|/2, where η/4 > 0 is the fraction of bosons which participate in the dressing of those in the momentum condensate. Since 0 < ξ ≪ 1 in 4 He, therefore η/4 can be also expected to be small. Thus √ ξ > ξ, √ η/4 > η/4, so the terms of the reduced interaction in H 1D , most significant for the description of BEC in 4 He, are those linear in √ ξη and ξ. The latter were considered in Sec. 4 . In this section, we take into account only the former ones and disregard all others. In this manner, we obtain the Hamiltonian
It should be noted at this point that Bogoliubov rejected in his paper [3] all terms of the 2-body interaction linear in a 0 , a * 0 , such as g 2|Λ|
These terms cannot be included into Bogolibov's diagonalization procedure. Processes described by the expressions (86), representing the creation or annihilation of a single boson in the momentum condensate, as a result of 2-body interactions, should be expected to occur especially at temperatures T satisfying 
whereẼ
In the sequel we put η = 1, in order to restore the unscaled hard-sphere diameter a. The system described by H D , with η = 1, will be called the D-transformed HSET (DHSET).
A. The energy and heat capacity
For η = 1, the energy of 1 gram of 4 He (expressed in calories) under the same approximation ξ =ξ 0 , as in Sec. 4, equals
(forβ,λ 2 expressed in eV). The square rootξ 0 (β) 1/2 appearing in the coefficient of the second integral on the r.h.s. leads to the singularity
of heat capacity, as T → T 
is depicted in Fig. 7 
which is an improvement of the corresponding HSET result (Eq. (79)) by 23.5%. One possible extension could include a more general form of effective temperature, another inclusion of all terms of H 1D , linear both in √ ξη and ξ, into the theory.
